Factorial notation and gamma functions

Factorial notation
The definition of n! is as follows:
nl=nx(n—1)x(n—2)x---x1

where n is a non-negative integer.
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The factorial function satisfies the relationship nl=nx(n—1)!. If we put n=1, this tells

us that 1!1=1x0!=0!=1.

Question 1.1

Evaluate 5!

Example

. . . nl(2n-1)!

Simplify the expression ————.
Pty P (2mYn-2)!

Solution
This expression can be written as:

n! " (2n—-12)!
(n=2)! (2n)!

The first factor equals n(n—1), because n! contains an extranand n-1 inits

expansion, which are not contained in the expansion of (n—2)!, and the second factor

1
is —.
2n

n'@n-1)! nln-1) 4
OWEES 20 2n 20

Question 1.2

(3m'2n+1)!

Simplify the expression ———— ",
Pty P (3n+2)1(2n—1)!
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Gamma function
I'(x), where x>0, is defined by the integral jgotx_le_t dt . This is the gamma function.

This function is used in statistics in connection with the gamma distribution, and there
are several properties of the function that you are going to need to know. Here we
will quote the results without proof.

Result 1: I'(x)=(x—1)'(x—1) where x>1
Result 2: I'(n)=(n-1)! where n=1, 2, 3,...
Result 3: F(%):\/;

These results can be found in the Tables.

The graph of the gamma function looks like this:

R N W b~ 0O
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Example

Evaluate T'(6.5).

Solution

Using Result 1:
I'(6.5)=5.5I'(5.5)

By repeating this process:

I'(6.5)=5.5x4.5%3.5%2.5x1.5x0.5x (0.5)

—162.42\n

=287.89

Question 1.3

Evaluate T'(5).

Question 1.4

Evaluate T'(4.5).

Question 1.5

I'(h-1)(2n—-1)!
I'(2n)(n+1)!

Simplify where n is a natural number.

Question 1.6

!
Show that, if n is a whole number, I'(n+%)= (5:)' Jr.

2°"n!
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Stirling’s approximation

Working out a factorial by multiplying all the numbers together would be very tedious
for large values of n. The following approximations (called Stirling’s approximation)
are sometimes useful in derivations involving large values of n:

1 —
I’H-/ze n 20T

nl=n

and  T(n)~n""e"2x

(Don’t worry that these appear to be inconsistent with the relationship I'(n)=(n—1)!

. n=1,
Remember that for very large values of n, the ratio —— is very close to 1.)
n
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Solutions

Solution 1.1

51=5x4x3x2x1=120

Solution 1.2

(Bn)!2n+1)! (3n)! >((2n+1)!_ 1 x2n(2n+1) = 2n(2n+1)
Bn+2)I2n-1)! (3n+2)!" 2n—1)! (3n+1)3n+2)  (3n+1)(3n+2)

Solution 1.3

I(5)=4!=24

Solution 1.4

I'(4.5)=3.5T(3.5)="---=3.5%2.5x1.5%0.5T"(0.5) = 6.5625+/7 =11.63

Solution 1.5

['(n-1)2n-1)! (n-2)!2n-1)! 1 or 1
T@n)n+1)!  @n-)n+1)! n(n+1)n-1)  p3_p
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Solution 1.6

We can prove this using mathematical induction.

I
When n=0, the equation says r(yz)Z%\/ZZ\/;, which is correct.
270!

If we assume it’s true for a typical value of n, say n=k, then we know that:

Tk +%)= (if)! NS
k!

2

This would imply that:

Tl +1%) = (k+ ATk +74) = (k +78)x 2L [z
2% k1

The last expression can be written as:

(2k)! 2k+1_ (2k)! (2k+1)!
k +%)x N7 = X N7 = N7
et ) 2%k k1 2 2% 22K+

This doesn’t quite match the formula we were hoping for. But, if we include an extra

2k+2

factor of T (which won't affect the answer), we get:
_l_

2k+2x(2k+1)! el (2k+2)!
2k +1) 22k+Lg 2242k )1

This now matches the formula given when n=k+1. So, if it is true for n=k, it’s also
true for n=k+1, and by the principle of mathematical induction it must be true for all
values of n.
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